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Abstract 
We prove that for a given symmetric Dirichlet form of type &(u,v) = ~,(A(z)Vu(z), 
Vu(z))~p(dz) with E = Co[O, I] and H = classical Cameron-Martin space the correspond- 
ing diffusion process (under Pfl) can be decomposed into a forward and a backward E-valued 
martingale. The construction of the martingale is direct and explicit since it is based on a mod- 
ification of Levy’s construction of Brownian motion. Applications to prove tightness of laws of 
diffusions of the above kind are given. 
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1. Introduction and framework 
Let E = Co[O, l] be the Banach space of all continuous functions on [0, l] with initial 
value zero. E is endowed with the usual maximum norm denoted by 11 11. Let p be a 
probability measure on (E, LB(E)) with supp[/~] = E . Let L2(E; p) (:= L2(E -+ R; ,u)) 
denote the corresponding L2-space. Let H denote the classical Cameron-Martin space, 
i.e., 
H := h E Co[O, I] 1 h is absolutely continuous 
s 1 on [0, l] and h”(s) ds < +co , 0 
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where ds denotes Lebesgue measure on [w ‘. Then H is a Hilbert space with inner 
product 
@I, h2)~ := s’ h; (s)h;(s) ds. 
0 
Define the linear space 
ST~:={U:E-+R 1 u=f(Zl,..., I,), mEN, 
f E Cba(Rm) and li,...,l,,, E E’}, (1.2) 
where Csm(rWm) is the set of all infinitely differentiable functions on [w” with all partial 
derivatives bounded and E’ is the dual of E. Identifying H with its dual H’ we have 
E’ C H c E densely and continuously, (1.3) 
where E’ is equipped with the usual operator norm. More precisely, an element m 
in E’, i.e., a signed measure of finite total variation on B([O, l]), is identified with 
& m([s, 11) ds E H. Let k E E and define for u E ZKr 
g(z) := $u(z + sk) , z E E. 
s=o 
(1.4) 
We denote by Vu(z) the unique element in H representing the continuous linear map 
k H au/ak(z), k E H. 
Let LO”(H) denote the collection of all continuous linear operators from H to H. 
Suppose we are given a strongly measurable map A : E -+ L”(H), satisfying 
(i) A(z) is self-adjoint for each z E E. 
(ii) There exists a positive constant 6 > 0 such that 
in the sense of quadratic forms, 
where IH is the identity operator on H. 
We introduce the following symmetric form (6, PC?) on L2(E; p): 
(1.5) 
u,v E 3-2~. (1.6) 
We assume that (&,YCsm) is closable on L2(E; p), and we denote its closure by 
(a,D(&)). ((a,D(&)) is then a Dirichlet form (cf. Albeverio and Rockner, 1990, 
Section 3; Fukushima, 1980 or Ma and Rockner, 1992 for the terminology here and 
below). Sufficient conditions for the closability of the above symmetric form are given 
in Albeverio and Riickner (1990, Theorem 3.2; 1991, Section 3). For instance, if an 
integration by parts formula holds for p, then the form in (1.6) is closable on L2(E; p) 
(cf. Proposition 2.2 in Albeverio et al., 1990). Under the above assumptions, it follows 
from Schmuland (1990) (see also Ch. IV, subsection 4b in Ma and Riickner, 1992) 
that there exists a diffusion process Jt? = {S~,~,(~),(X,),(P,),,E} associated with 
(&,o(Q), that is for every bounded B(E)-measurable function u on E and all t > 0 
s u(&)dP, = (elLu)(z) for p-a.e. ZEE, (1.7) a 
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where L is the generator of (&,D(&‘)) (cf. e.g. Ch. I, Section 2 in Ma and Rockner, 
1992). Define a probability measure Pp on (Q,F) by 
Pp = 
s 
Q4d.z). (1.8) 
E 
The aim of this paper is to prove that the Dirichlet process .,b! can be decomposed 
into a forward and a backward martingale on the infinite-dimensional space E under 
the probability measure Pp (cf. Theorem 2.1 below). This extends the corresponding 
componentwise decomposition given in Lyons and Zheng (1988). Our approach uses 
a modification of Levy’s method to construct Brownian motion. The mere existence of 
the Ca[O, II-valued martingales can, of course, also be obtained by estimate (3.7) below 
and the usual Kolmogorov criterion. We think, however, that our construction is both 
more explicit and more transparent. It could also prove useful for other purposes. The 
forward and backward decomposition incorporates important cancellations and implies 
useful estimates for the Dirichlet process. A useful application of the decomposition is 
to prove tightness of a sequence of diffusion processes on the Banach space E. This 
is carried out in Section 3. The main result is proved in Section 2. 
2. Martingale decomposition 
Consider our process on a fixed time interval [0, T]. For simplicity, let T := 1. Define 
4 := cr(X,, s<t) and 4 := a(Xi_,, s<t), td0. 
Since in this paper E is the classical Wiener space, we denote elements of E by w 
instead of z. 
Our main result is the following. 
Theorem 2.1. Assume that E’ c L2(E; p). Then under P,, there exists an E-valued 
continuous (%)-martingale M and an E-valued continuous (&)-martingale A? such 
that 
(i) X, -X0 = ifV[ - k(Mi -Ml_,), O<t<l, P,-a.e, 
(ii) iV,,&& E LP(s2 -+ E;P,) for any p> 1 and t>O. 
Proof. Since E’ c L2(E; p) by assumption, it follows that E’ c D(8). Hence, by Lyons 
and Zheng (1988), resp., Lyons, and Zhang (1991) for any 1 E E’ the following 
decomposition holds: 
Z(X,) - I(&) = if&’ - #?; - tif_,), O<t d 1, P,-a.e., (2.1) 
where M’ is a continuous square integrable (%)-martingale and A?’ is a continuous 
square integrable (&)-martingale. Moreover, the brackets of M’ and A?’ are given as 
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(cf. Albeverio and Riickner, 1991, Proposition 4.5; Lyons and Zhang, 1994). The proof 
will be finished if we find a continuous E-valued (%)-adapted martingale A4 and a 
continuous E-valued (%)-martingale fi satisfying (ii) such that for every I E E’ and 
each O<t< 1 
Z(M,) = M:, Z(A2,) = A?;, P,-a.e. 
This will be done by the following two lemmas. 
(2.3) 
Lemma 2.2, There exists a continuous E-valued (%)-adapted process M and a con- 
tinuous E-valued ($)-adapted process h? such that for 1 E E’ and 0 d t < 1 
Z(it4,) = Mf, Z(h&) = II?;, P,-a.e. 
The proof of Lemma 2.2 is a modification of the LevyCiesielski construction of 
Brownian motion (cf. Section 1.2 in McKean, 1969). The only difference here is that 
we have to deal with two time parameters and that we have a martingale instead of a 
Brownian motion so that a time change is required. Therefore, the proof is omitted. 
To state our next lemma, we recall the definition of the space Wa,2m. Let 0 < GI < i, 
m E N. Define 
W c(,2m := {w~L*~([O,ll; ds) 1 IIw()+, < +co}, 
where 
1 [/J ’ Iw(t) - W(sp dsdt 1 “2m bll 42m := 0 0 Jt _ SJ1+2ma 
If 2mcI > 1 and m 22, it is well-known that the Banach space W$‘2m := {w E Wa,2m\ 
w(0) = 0) with norm II II cr,2m is continuously embedded into E and that the embedding 
is compact (see e.g. Triebel, 1978, Section 4.5, in particular, Theorem 4.6.1). 
Let M,k be the processes in Lemma 2.2. 
Lemma 2.3. (i) M,,# E LJ’(Q + E;P,) for any pal, t>O. 
(ii) (M,) is an (9j)-martingale and (A&) is an (g)-martingale. 
Proof. (i) We actually will prove a stronger result, that is, for any ma 
and t>O, 
1, o<a<;, 
(2.4) 
(2.5) 
We only prove (2.4). (2.5) is proved similarly. Now fix t BO. For any SE [O, 11 define 
6, E E’ by 
6,(w) = w(s). (2.6) 
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Then by the explicit form of the embedding E’ c H (cf. the sentence after (1.3)) 
V6,(w) = J l[~] ds’ for all w E E. 0 
Thus, if SI,SZ E [0, 11, sr <<s2, the bracket of the (%)-martingale M~‘s2-s” is 
(M6~+l )t = ~‘(WG )V(&, - 4, )(& ), V(&, - &, )(X;))H ds’ 
d f If (V(4, - 4, )(& ), V(&, - &, )(X+ ))H d.4 
0 
= $(s2 _S]), t>O. 
This implies that for any m > 1, 
(2.7) 
J IMt(s2)- Mt(s]))2m dP, = n J 6 67, 2m IA4,“* -Mt. 1 dP, a 
= 
s 
D ,M5, -4 12m dp, 
< c p(M6+: dP, 
./ 
(where C is a constant independent of LI~*~~-*~~ ) 
6 c ; ys2 -Sly. 0 
Therefore, 
J 
1 
llMll$n dP, = J(JJ l IPm2) - Mb] )12m &] dr2 Is2 - S] l l+2ma ) dp P a R 0 0 I1 
JJ hds2 = (-J (s2 - S])]+2*w a IM(s2) - M(Sl >12”G 
d h J J 
Jfin 1 1 
Is2 -Sly 
0 0 Is2 -S]J'+2mx 
=ch J J 
dqdS2 
trn 1 1 dsrdsz 
6 0 0 (S2 - S] 11+2mE--m 
-c +a& since 1 + 2ma - m < 1 
This proves (i). 
(ii) To show that (IV&) is an (%)-martingale, we need to prove that for any A E & 
s<t 
J M,lA dP, = J Ms~A@. .iI 62 
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But this is a consequence of 
s Mf lA dP, = s M,‘~A dP, for all 1 E E’. a D 
By the same reason, (&) is also an (&)-martingale. 0 
3. Tightness for Co[O, l]-valued diffusion processes 
In this section we apply the martingale decomposition to the study of tightness of dif- 
fusion processes with state space E := Co[O, 11. (For an implementation of this method 
in the case E = Rd, see Takeda, 1989.) Let A,(z), n3 1, be strongly measurable maps 
from E to LW(H), which satisfy the conditions (i) and (ii) in (1.5) with a constant 6 
independent of n. Suppose we are given a probability measure pL, on (E,&l(E)) with 
supp[~,,] = E for each IE > 1. Define for n 3 1 the following symmetric form (a,, %CT) 
on L2(E; pL,): 
&t(u, u) := s (A,(z)Vu(z), Vu(z))Hpn(dz); 24, u E %C”. E (3.1) 
Again we impose the minimum condition that (&,, %Cr)) is closable on L2(E; p,) and 
we denote its closure by (&?,,D(&,)). 
Let 4” = {51,~,(~),(X,),(p,“),,~} be the diffusion process associated with 
(&,,@a,)). Here Sz := C([O,co) --+ E) is the path space equipped with the topol- 
ogy of locally uniform convergence, X,(w) := w(t), w E 52, is the coordinate process, 
(4) the corresponding filtration, and % := G{& ( t 20). For IZ > 1 define a probability 
measure P, on (0, %) by 
(3.2) 
Theorem 3.1. Assume {pLn 1 nb 1) is tight on (E,S?J(E)). Then {P, ) n> 1) is tight on 
the path space Q. 
Proof. Let T > 0 and Qr := C([O, T] -+ E). It suffices to prove the tightness of 
{P, 1 n E IV} on fir. For simplicity, again we set T := 1. First we are going to prove 
that there exists a constant c, > 0, which is independent of n, such that 
E,[llX, -Xsjj2”]<cm(t -s)m for all O<s, t<l, (3.3) 
where E,, denotes the expectation with respect to P,. By Theorem 2.1 we have that 
under P,, 
X,-X, = fM; - ;(fl -A?_,), O<t<l. (3.4) 
Here M,” is an (%)-martingale, and &?F is an (g)-martingale. Thus, to prove (3.3) 
it &ices to show the following for 0 < CI < i (cf. Section 2): there exist constants 
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ci ), cp’ > 0 such that for all 0 bs, t d 1, 
E,[pd: - M,nll:r;J < Q(t - srz, (3.5) 
E,[llic;I: - n;r,” Il:r;,l d c,2) (t - sY, (3.6) 
where II IL,z~ is defined as in Section 2. We only prove (3.5); (3.6) is proved analo- 
gously. 
For SJ ds2, s < t we have that 
s 
KM: -4!‘)(s2) - W: -%%~d12”dP, 
Q 
= s n I(M”):” -% _ (M”),6”2 -% 12m ,jp, 
(where S,, , S,, E E’ is defined as in (2.6)) 
6 c(m) 
s 
D (((M”)+6,1 )t - ((M”)S*+l )S)m dp, 
(where c(m) > 0 is a constant independent of c,s,sI,.s~, n) 
= c(m) s(S t(Ad&~ F’(&, - &, W& ), V(&, - &, ><&>)H ds’ dP, a s 
(by (2.2) applied to M”) 
c Q-4 0 ; m (t - s)m(s* - s, )” 
(cf. (2.7)). 
By (3.7) we obtain that 
MIX: - ~.ll”,r”,,l 
1 
’ = /(I I iw: - M,“)(s2) - w: - wml )12m dsl dS* Is2 - Sl I 1+2mol dp n a 0 0 
= I@$ - M,“)(sz) - of: - M,“)(Sl )12mdp, 
1 I 
d 
ss 
ds, ds2 
(t - s)m (s2 - Sl Irn 
0 0 Is2 - s1 11+2mm 
= c(‘)(t - s)m 
m 
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This proves (3.5) and hence (3.3). 
Note that for any t 2 0, v: := P, OX,-’ = pn. In particular, {vf 1 n2 1) is tight. Com- 
bining this with (3.3) the assertion follows by Ch. 3, Theorem 7.2 in Ethier and Kurtz 
(1986). 0 
Having proved Theorem 3.1 we can now try to prove that there is only one limit 
point of the tight family {P, 1 nb 1). This is not an easy question in general. We will 
address this problem in a forthcoming paper (see also Rockner and Zhang, 1995). 
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